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Abstract-This paper considers the problem of conjugate heat transfer from discrete heat sources mounted on 
one wall of a channel and exposed to fully-developed laminar flow. Appropriate dimensionless parameters are 
suggested by the governing energy conservation equations and boundary conditions, and finite-difference 
solutions are obtained for selected parameter ranges. Two cases are considered, that of a single heat source and 
that of two adjoining heat sources. Parametric calculations reveal the range of conditions for which 
conduction heat transfer from the source to the substrate comprises a significant fraction of the total heat 

transfer from the source. 

INTRODUCTION 

THE WORK described in this paper concerns a conjugate 
analysis of forced convection heat transfer from small, 
isothermal sources embedded in a large substrate. The 
system of interest involves hydrodynamically fully- 
developed laminar flow between parallel walls, with 
one or two heat sources embedded in one of the walls 
(Fig. 1). Heat is transferred from an isothermal source at 
Th to the fluid and wall (substrate) of thermal 
conductivities /Q and k,, respectively. The substrate 
thickness is much larger than that of the sources, and 
the substrate and top wall boundaries are well insulated 
from the surroundings. 

The analysis considers the effects of flow conditions, 
geometry, and fluid and substrate properties, and its 
results should be of special interest to experimentalists 
concerned with convection heat transfer from 
embedded sources. In such experiments substrate heat 
losses must be subtracted from the power dissipated at 
each source to obtain the rate of heat transfer by 
convection. Since the losses are difficult to measure, it is 
important to know conditions for which they may be 
neglected or, if they are not negligible, their magnitude 
relative to the source power. 

The results of this study are also of interest in a totally 
different context. In certain situations, it is desirable to 

enhance total heat transfer from a source, which would 
include transfer to an adjoining substrate, as well as to a 
fluid. A pertinent application involves the cooling of 
packaged electronic components, such as very large 
scale integrated circuits. In such cases, the results of this 
study could be useful in determining total heat transfer 
and in suggesting means by which this transfer could be 
enhanced. 

Although the effects of wall conduction on forced 
convection heat transfer have been previously 
considered [l-S], none of the studies concerned the 
problem of discrete heat sources embedded in a 
substrate. The only known previous work on conjugate 
heat transfer from small heat sources embedded in a 
large substrate is reported by Zinnes [9]. In that work, 
the conjugate problem of natural convection from a 
vertical surface with discrete heat sources was 
examined. In contrast the present situation involves 
forced convection in a channel and, both qualitatively 
and quantitatively, is substantially different from that 
considered by Zinnes [9]. 

ANALYSIS 

Governing equations 
Flow in the channel is assumed to be steady, laminar, 

two-dimensional, and hydrodynamically fully- 
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FIG. 1. Schematic of the conjugate heat transfer problem. 
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NOMENCLATURE 

thermal conductivity t heat source thickness 
channel height 7 temperature 
heat source length U fluid velocity 
length of channel y, j’ Cartesian coordinates (s measured from 

spacing between heat sources channel inlet). 
local Nusselt number, equation (13) 
average Nusselt number, equation (I 5) 
P&let number 

Greek symbols 

rate of heat transfer to the substrate 
IX thermal diffusivity 

total rate of heat transfer from source 
0 dimensionless temperature, equation (8) 

rate of heat transfer to fluid from either of 
5 streamwise coordinate with origin at 

two adjoining sources normalized by rate 
leading edge of heat source. 

of heat transfer to fluid from a single heat 
source Subscripts 
rate of heat transfer to substrate from either refers to analytical solution 
of two adjoining sources normalized by ; fluid 
rate of heat transfer to substrate from a h heat source 
single heat source 0 fluid inlet temperature 
local heat flux s substrate. 

developed. As shown in Fig. 1, the substrate thickness is 
much greater than that of the heat source, and its 
boundaries are well insulated. The channel is assumed 

to be very long, and its upstream and downstream 
boundaries are remote from the heat sources. All 
relevant thermophysical properties are assumed to be 
constant, and buoyancy effects, if any, are neglected. 

The temperature fields in the fluid and substrate are 
governed by conservation requirements of the form 

where u, the velocity distribution in fully-developed 
laminar flow, is given by 

ti being the mean velocity. Equations (1) and (2) are 
solved simultaneously, subject to the boundary 
conditions 

7i(O,Y) = 7b (4) 

c;Tf 
= 0 

ax x=L” 

87; 
= 0. 

dn YfO 

(5) 

(6) 

Equation (4) prescribes a uniform fluid temperature at 
the channel entrance, and equation (5) assumes the 
streamwise energy diffusion flux to be negligible at the 
outlet. With n representing the normal direction, 
equation (6) imposes an adiabatic condition at all 
substrate boundaries except that for which y = 0. The 

finite-difference solution procedure adopted in this 
work automatically satisfies the condition of heat flux 
continuity at the solid/fluid interface, i.e. 

A few points concerning the foregoing equations are 
noteworthy. The term d2Tf/irx2 is retained in equation 
(1) to permit treatment of the fluid and solid regions as 
one domain with u = 0 in the solid. In addition, the 
retention of this term accounts for the possibility of 
significant streamwise conduction in the fluid in the 

vicinity of the heat sources. The presence of the 
streamwise second derivative necessitates a boundary 
condition at x = L,. However, at moderate to large 
PC&t numbers, a precise specification of the tem- 
perature distribution at the downstream boundary 
is unnecessary. Since equation (1) is almost parabolic. 
the solution at upstream locations is virtually 
unaffected by small variations in the temperature at the 
outflow boundary. Equation (5) is, therefore, an 
adequate and realistic prescription for the outflow 
boundary. 

Although all of the results in this paper are based on 

assuming negligible interfacial contact resistance 
between the heat source and the substrate, calculations 
have been performed to determine the effect of such a 
resistance. These calculations show that the results are 
virtually unaffected by the introduction of realistic 
contact resistances. 

The governing equations may be nondimension- 
alized by introducing the dimensionless temperatures 
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and by using L, and U as the length and velocity scales. 
The mean velocity ii is defined by 

1 

s 

L, 
u=- 

L, 0 
u dy. (9) 

The governing dimensionless parameters are then of 
the form 

p,=2uL,, 2, !$ 
@,f f 

An additional parameter, LJL,, is needed if two 
identical heat sources, separated by the distance L,, are 
mounted on the substrate. 

Solution procedure 
The governing equations were solved by the control- 

volume finite-difference procedure described by 
Patankar [lo]. Following this procedure, the 
computational domain was discretized by a set of 
rectangular control volumes, and a node was placed at 
the centroid of each. The domain encompassed both the 
solid substrate and the flow channel. The discretization 
equations were obtained by making energy balances 
over each control volume with the heat fluxes at the 
control surfaces being expressed in terms of adjacent 
nodal temperatures. The discontinuity in thermal 
conductivity at the solid/fluid interface was treated by 
placing a control surface at that location and utilizing 
the harmonic mean thermal conductivity. This 
procedure is described in detail in [lo]. The nodes were 
placed either completely in the solid or completely in 
the fluid ; none were placed at the interface. The system 
of algebraic discretization equations obtained for the 
fluid and solid regions were solved simultaneously 
through the line-by-line application of the t&diagonal 
matrix algorithm. 

Solutions were obtained for values of k$kf between 
0.1 and 100 and values of Pe ranging from 10’ to 106. 
Consistent with the assumption of laminar flow, 
solutions for Pe > lo5 correspond to high Prandtl 
number fluids. Most of the computations were for 
L,,/L, = 2, although the influence of this parameter was 
explored separately by varying it between 0.1 and 10. 
The total computational domain was discretized by a 
non-uniform 26 x 100 grid for kJkf < 10 and by a 
26 x 190 grid for higher kJk,. The values indicate, 
respectively, the number of horizontal and vertical grid 
lines. Of the 26 horizontal grid lines, 12 were deployed 
on the fluid side. These lines were closely spaced near 
the solid/fluid interface. Similarly, on the solid side the 
grid lines were packed near the interface, with two grid 
lines placed in the region corresponding to the 
thickness of the heat source. The vertical grid lines were 
also deployed non-uniformly, with 10 lines placed 
within the width of each heat source. 

The size of the substrate was chosen to be large 
relative to that of the heat sources. The distance 
between the channel entrance and the first heat source 
was fixed at 7L, for kJkf < 10 and at 2X+, for larger 

F/L, 

FIG. 2. Variation of local Nusselt number along the surface of 
the heat source for a single heat source (Pe = 104). 

values of kJk,. The thickness of the substrate and the 
distance between the second heat source and the 
downstream end of the channel were fixed at 7Z+. 
Numerical tests indicated that the solutions were 
insensitive to further increases in the dimensions of the 
substrate. 

RESULTS 

Figures 2 and 3 depict the variation of the local 
Nusselt number along the surface of a single heat source 
for Pe = lo4 and 106, respectively. The abscissa, r/L.,,, is 
zero at the upstream edge of the heat source and unity at 
the downstream edge. The three solid curves represent 
numerical results for different kJkf, while the dashed 
line represents the analytical (infinite series) solution for 
k$k, = 0. The series solutions were obtained from Shah 
and London [ 1 l] and are correlated by the equations 

Nu<,~ = 1.233([*)-“.333+0.4 t* < 0.001 (10) 

Nu<,, = 7.541 +6.874(103~*)-o.4** exp (-245<*) 

where 

5* 2 0.001 (11) 

c* = c/(2L,Pe). 

The local Nusselt number is defined as 

(12) 

(13) 

400 ,I , , , , , , / , , , , , / , , / , 

-\ 

Pe = IO6 
Lh/L,D 2 

FIG. 3. Variation of local Nusselt number along the the 
surface of the heat source for a single heat source (Pe = 106). 
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where q is the local heat flux and T,,(t) is the bulk 
temperature of the fluid at 5 

Tb(5) = $ s Lc 

uT(5, Y) dy. 
C 0 

(14) 

From Figs. 2 and 3 it is seen that the finite-difference 
solution for kJk, = 0.1 is in close agreement with the 
series solution for k$k, = 0. For Pe = lo4 and 106, 
respectively, differences between the two results are 5.5 
and 3% at the downstream end and 3.5 and 6”j, at the 
upstream end. In view of the small Graetz numbers 
(L,j2L,Pe) and the corresponding steepness in 
longitudinal variations ofthe local Nusselt number, the 
agreement is good and confirms the accuracy of the 
finite-difference solution. Since substrate conduction 
has the effect of decreasing longitudinal variations in 
the Nusselt number, smaller errors are associated with 
increasing kJk,. 

Numerical results for kJk, = 10 and 50 lie 
considerably below the series solution. In these cases; 
heat conduction in the substrate leads to the 
development of a thermal boundary layer upstream of 
the heat source. At the leading edge of the source, the 
thermal boundary layer is substantial, thus attenuating 
heat transfer from the surface of the heat source. 

Figure 4 depicts the variation of the normalized -- 
average Nusselt number Nu/Nu, with Pe for a single 
heat source and several values of kJkf. The Nusselt 

number is defined as 

ii% = Q 2L 
X- 

LdTh-TOI k, 
(15) 

where Q is the rate ofheat transfer from the source to the 
fluid and ii$ is the result for kJk, = 0, evaluated from 
the analytical solution. For k,/kf = 0.5, the numerical 
and series solutions differ by less than 6% over the range 
of Pe. This difference increases with increasing kJk, and 
decreasing Pe, as substrate conduction effects become 
more important. 

In Fig. 5, the variation of Q,/Q=(the ratio of the rate of 

FIG. 5. Ratio ofsubstrate heat transfer to total heat transfer vs 
P&let number for different thermal conductivity ratios. 

heat transfer by conduction into the substrate to the 
total rate of heat transfer from the source) with Pe is 
plotted for several values of k$k,. The results clearly 
illustrate conditions for which substrate conduction 
can make amajor contribution to the total heat transfer 
process. Its influence is especially pronounced at low Pe 
and high kJk,. From the point of view of a laboratory 
investigator wishing to determine convection heat 
transfer coefficients, substrate conduction would be 
deleterious to the accuracy of an experiment. On the 
other hand, from the point of view of an electronics 
packaging engineer, a large conduction heat flux could 
be gainfully exploited in cooling electronic components 
mounted on a substrate. 

It is appropriate to reiterate that the present 
computations are limited to laminar flow. In practice, 
laminar channel flows are influenced by buoyancy 
effects arising from density gradients in the fluid. 
Buoyancy-driven secondary flows could cause signifi- 
cant heat transfer augmentation at the solid/fluid 
interface, particularly at high heat fluxes. Such 
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FIG. 4. Normalized averaged Nusselt number vs P&let number for different thermal conductivity ratios. 
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FIG. 6. Ratio of substrate heat transfer to total heat transfer vs Pe(L,,/LJ2 for various L,,/L, and kJk,. 

augmentation would lead to a decrease in QJQT below 
the values presented in Fig. 5. Consequently, the results 
of Fig. 5 represent an upper bound on the substrate 
conduction heat loss that may occur in practice. 

The effect of the geometric parameter L,JL, is shown 
in Fig. 6, which depicts the results of calculations for 
different L,,/L, and kdk,. For a given value of kJkf, 
predictions corresponding to different values of LJL, 
and Pe collapse on a single curve when QJQT is plotted 
as a function of the parameter Pe(L,,/L,)‘. Accordingly, 
results presented in Figs. 4 and 5 for LJL, = 2 can be 
applied for other values of L,JL, by appropriately 
modifying the abscissa variable of the figures. 

Theeffect ofthefirst heat sourceon heat transfer from 
the second source in an array oftwo sources is shown in 
Fig. 7. Results are presented in terms of variation of the 
normalized heat transfer rate Qf* with the heat source 
spacing parameter L$&. The quantity Q: represents 
the rate of heat transfer from either heat source to the 
fluid normalized by the corresponding rate of heat 
transfer to the fluid for the case of a single heat source. 
The two halves of the figure correspond to different 
values of kJk,. Since Q: for the first heat source is equal 
to one, irrespective of LJL,, k,lh, or Pe, the second heat 
source clearly has a negligible effect on heat transfer 

from the first source. However, the presence of the first 
heat source has a pronounced effect on heat transfer 
from the second source. For small values of LJ&, Q: is 
significantly less than one. As LJL, increases, Qr 
increases and, in the limit of large spacing, would be 
asymptotic to unity. In contrast to the effect of LJL,, 
the influence of Pe is small. The behavior depicted in 
this figure is, of course, to be expected in view of the 
almost parabolic nature of the governing energy 
equation on the fluid side. 

Variation ofthe normalized conduction heat transfer 
rate Qt with LJL, is presented in Fig. 8. Once again, 
conditions for the first heat source are virtually 
unaffected by presence of the second source, except 
at very small values of LJL,. However, substrate 
conduction heat transfer from the second heat source is 
strongly influenced by the presence of the first source. 

The ratio Q,/QT for each of the two heat sources is 
presented in Fig. 9 as a function of LJL,. For LJL, > 2, 
both heat sources have the same value of QJQT, and the 
single heat source results of Fig. 5 could be applied for 
each source. If LJL,, < 2, thermal interaction between 
the two heat sources causes differences in the two values 
of QJQT. However, differences remain small for values 
of L$L as low as 0.2. 
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FIG. 7. Variation of normalized rate of heat transfer to the fluid with I&., for each of two adjoining heat 

sources. 
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FIG. 9. Ratio of substrate to total heat rate vs LJL, for each of two adjoining heat sources. 

Figures 10-13 indicate variation of the local Nusselt 
number along the solid/~uid interface for both the 
single and dual heat source cases. In Fig. 10, the 
normalized local Nusselt number Nu/Nt+,, for a single 
heater is presented for three values of kJk,. The local 

16 
k,/kf=0.5 k,/kf= 10 

14 I I 

FIG. 10. Variation of normalized Nusselt number along the 
fluid/solid interface for a single heat source (Pe = 104). 

Nusselt number Nu is defined by 

Y(X) 2L 
NU=(T,-xX 

and Nut, is the Nusselt number for fully-developed flow 
and heat transfer in a channel with one wall isothermal 
and the other adiabatic (Nu,, = 4.86). The tick marks 
on the abscissae indicate the location of the heat source. 

For kJk, = 0.5, the Nusselt number distribution is 
sharply peaked at the upstream edge of the heat source 
and drops steeply towards the downstream edge. The 
Nusselt number at the surface ofthe adjoining substrate 
is almost zero, indicating that heat conduction into the 
substrate is minimal. For kJklk, = 10, the Nusseft 
number decreases at the leading edge and becomes 
more discernible in the adjoining substrate. This result 
is due to substrate conduction. Clearly, any energy 
conducted into the substrate must reappear at the 
substrate/fluid interface. This behavior attenuates the 
nearly discontinuous variation of Nu predicted at the 
leading edge for k$k, = 0.5. At k$k, = 50 smoothing of 
the discontinuity in the distribution of Nu is much 
greater and the magnitude of the leading-edge Nusselt 
number is greatly diminished. In contrast, the value of 
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FIG. 11. Variation of normalized Nusselt number along the fluid/solid interface for two heat sources 
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FIG. 12. Variation of normalized Nusselt number along the fluid/solid interface for two heat sources 
(Pe = lo*, kJk, = 10). 
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FIG. 13. Variation of normalized Nusselt number along 
the fluid/solid interface for two heat sourccs (Pe = 106, 

kdklk, = 10). 

Nu at the trailing edge of the heat source is only weakly 
affected by the value of kJ+ 

,Figures 11-13 present local Nusselt number dis- 
tributions for the two heat source case. In Fig. 11 
(Pe = 10’ and kJk = 0.5), it is observed that for small 
values of I&.,, the Nusselt number at the leading edge 
of the second source is greatly reduced due to 
preheating of the fluid by the first heat source. With 
increasing L&, this Nusselt number recovers and 
approaches that ofthe first peak. It is also observed that 
substrate conduction plays a progressively smaller role 
and the Nu distributions become more sharply peaked. 

For comparison, Nusselt number distributions for 
Pe = lo4 and k& = 10 are presented in Fig. 12. As for 
k$k, = 0.5, the Nusselt number at the leading edge of 
the second source is greatly reduced for small values of 
L$L,, but recovers as LJ& is increased. Also, the 
Nusselt number at the leading edge of the first source is 
unaffected by the presence of the second source. 
However, significant substrate conduction effects are 
observed. There is substantial heat transfer from the 
solid substrate adjoining both heat sources, and 
substrate conduction is especially important for small 
values of LJ&. 

The effect of Pe is shown in Fig. 13. Comparing the 
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results with those of Fig. 12, the principal differences are 
increasing Nu and decreasing substrate conduction 
with increasing PC. The latter effect is clearly revealed 
by the Nu profiles along the substrate between the two 
heat sources. 

CONCLUSION 

The problem ofconjugate heat transfer from discrete 
heat sources mounted on a solid substrate and exposed 
to a flowing fluid has been investigated numerically. 
The results indicate that, for high values of the 
substrate-to-fluid thermal conductivity ratio and for 
low fluid P&let numbers, conduction heat transfer 
from the source to the substrate can make a major 
contribution to the total heat transfer from the source. 
If two heat sources are mounted side by side. the heat 
transfer from the first source is unaffected by the 
presence of the second source, for the ranges of the 

parameters explored in this study. The second heat 
source is. however, strongly influenced by the first 

source. The results of this paper should be useful to 
laboratory studies requiring knowledge of the extent of 
conduction heat loss in forced convection experiments. 
The results are also useful to electronic packaging 
engineers wishing to enhance the cooling of electronic 
components mounted on a solid substrate. 
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TRANSFERT THERMIQUE CONJUGUE A PARTIR DE PETITES SOURCES ISOTHERMES 
DE CHALEUR NOYEES DANS UN GRAND SUBSTRAT 

Resume- On considere le probleme de transfert thermique conjugut a partir de sources de chaleur disc&es 
montees sur une paroi dun canal exposee a un ecoulement laminaire complitement etabli. Des parametres 
adimensionnels appropriis sont suggtris par les equations de conservation d’tnergie et les conditions aux 
limites: des solutions par differences finies sont obtenues pour les domaines de paramitres choisis. On 
considere deux cas, celui dune source unique de chaleur et celui de deux sources adjointes. Des calculs 
parametriques revtlent le domaine des conditions pour lequel la conduction thermique depuis la source dans 

le substrat represente une fraction sensible du transfert thermique partant de la source. 

WARMEUBERGANG VON KLEINEN ISOTHERMEN WARMEQUELLEN AUF EINER 
AUSGEDEHNTEN UNTERLAGE 

Zusammenfassung--Die Arbeit behandelt das Problem des Warmelberganges von diskreten Warmequellen 
an einer Wand eines Kanals bei vollstlndig ausgebildeter laminarer Striimung. Aus der 
Energiebilanzgleichung und den Randbedingungen werden geeignete dimensionslose Parameter abgeleitet. 
Fiir ausgewlhlte Parameterbereiche ergeben sich Liisungen aufder Basis von finiten Ditferenzen. Zwei Fllle 
werden betrachtet, derjenige einer Einzelwlrmequelle und derjenige von zwei benachbarten Warmequellen. 
Parameterrechnungen zeigen den Bereich von Bedingungen auf, in dem der Warmetransport durch Leitung 

einen signifikanten Anteil des Gesamtwarmetransports darstellt. 

COIIPR~EHHbIfi TEIIJIOIIEPEHOC OT HE6OJIbIIIHX M30TEPMHHECKMX 
MCTO’IHMKOB TEIUIA. PA3MEIIIEHHbIX BBJIR3H I-IOBEPXHOCTH EOJIbIIIOI-0 CJIOR 

AuHo’raunn--B pagore pacci%I’rpaeae-rca 3anana ConpnXennoro rermonepenoca or nncxpertioro HCro3- 
nnxa retina, ycranoanennoro ria on~oii crenrce tcanana A oMbmaeMor0 nonnocrbm pa3sarbrM nahlunap- 
H~IM noToxoM. TIpemo;itenbr coorseTcreyronnie 6e3pa3Mepnbre napaMerpbr a rpanminbre ycnornirr, a 
peUIeH&Ul B KOHe'iHO-pa3HOCTHOM BB!W IlOJIyYeHbI LVIIl BbI6paIiHOii o6nanH ItapaMeTpOB. PaCCMaTpW 
BaeTCB nBa CJIy'IaK:C CiWHUYHbIM HCTOSHUKOM Tenna li C JXByMK npHMblKaIOllV+Mkl TelUIOBblMH WTOY- 
H&fKaMH. B pe3ynbTaTe napabwrpWEcKax pacYeToa HakneH JNiana3oH ycnoaaii, .LUIX KoToporo 
KOHUyKTHBHbIk TenJIOITepeHOC OT RCTO~HUKa K IIO&JIOXKe CoCTaBJfleT CyIUeCTBeHHyIO 'WZTb CyMMap- 

nor0 rennoo6hzeaa OT BCTO‘IHHKa. 


